Modeling turbulent multiphase flows, such as sprays, is a major challenge owing to droplet (or solid-particle) 
INTRODUCTION
Turbulence in the ambient gas is important in determining the evolution of a spray. It affects the rate of entrainment of ambient gas into the spray cone, which in turn strongly influences the spray angle and other global characteristics, such as the spray penetration length. The turbulent two-phase flow at the edge of a spray is a very complex physical phenomenon involving high shear rates, large fluctuations in instantaneous liquid volume fraction, and interphase mass transfer (in the case of vaporizing sprays). It is recognized that statistical models of sprays must represent the evolution of velocity fluctuations in the gas, as well as the droplets, in order to predict global spray properties. However, current models for these quantities are still in need of improvement.
This study focuses on a considerably simpler turbulent two-phase flow problem of sub-Kolmogorovsize solid particles evolving in zero-gravity, constant-density, decaying homogeneous turbulence. The goal is to understand and assess current Lagrangian-Eulerian (LE) models and to propose model improvements. The choice of this simple problem is motivated by two reasons. One is that this problem isolates two important flow processes: (i) the interphase transfer of turbulent kinetic energy (TKE), and (ii) the dissipation rate of TKE in the carrier fluid, which enables a detailed evaluation of existing models. The second reason is that direct numerical simulation (DNS) data are available from carefully controlled studies of this flow in decaying turbulence [1] . Although turbulent flows laden with solid particles will behave differently from droplet-laden turbulent flows, in general, all features of the models we consider are identical in the limit of sub-Kolmogorov-size nonvaporizing droplets evolving in zero-gravity, constantdensity, homogeneous turbulence. Although in the more general case spray models must account for phenomena such as droplet vaporization and its effect on turbulence, we find that there is considerable scope for model improvement even in nonvaporizing cases, such as the simple flow considered here.
The LE approach is based on Williams' spray equation [2] , which is an evolution equation for the droplet distribution function (DDF). The theoretical foundations of the LE approach are now rigorously established and understood [3, 4] . The evolution equation for the dispersed-phase velocity covariance in 
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the LE approach has also been derived from the spray equation [5] and forms the theoretical basis of this investigation. In this article, the focus is on testing and evaluating specific models in a simple flow to determine whether the predicted evolution of the TKE in each phase is physically consistent with DNS results. Based on these findings we propose an improved model. It is important to note that all the LE models considered here are first-order models based on the average number density. This is a direct consequence of their being a solution approach to the spray equation. A first-order model cannot represent certain physical phenomena, such as preferential concentration of droplets (or solid particles) in homogeneous turbulence. The proper description of such phenomena will require the consideration of second-order statistics, such as the pair-correlation function. This is not to imply that second-order effects, such as preferential concentration, are not important, but rather that our current modeling capabilities are still in need of further development before they can represent these phenomena.
The rest of the article is organized as follows. A model problem involving particles (or nonevaporating droplets) evolving in homogeneous turbulence is described in the next section. The evolution equation for the dispersed-phase TKE simplifies for the homogeneous problem and depends solely on the particle acceleration-velocity covariance, which needs to be modeled. Details of DNS results available from a homogeneous particle-laden turbulent flow that are used to assess model predictions are given in the following section. A drag model based on the particle response time that is widely used in LE implementations is then presented. Evolution equations for the dispersed-phase TKE, as implied by this drag model, and the modeled evolution equation for the TKE in the fluid phase are derived. Model predictions for freely decaying particle-laden turbulence are reported. A theoretical analysis reveals that the particle response time is not an appropriate time scale for interphase TKE transfer. A multiscale interaction time scale is then proposed that improves model predictions for the decaying turbulence case. The implications of the study are discussed, and conclusions are drawn in the final section.
HOMOGENEOUS TWO-PHASE FLOW MODEL PROBLEM
A canonical problem that is useful in assessing the behavior of turbulent two-phase flow models consists of sub-Kolmogorov-size particles evolving in zero-gravity, constant-density, decaying homogeneous turbulence. If gravity is neglected, then the mean pressure gradient must also be zero and the mean momentum equation admits a trivial solution of zero mean velocity in each phase, which in turn implies a zero mean slip velocity. The evolution of TKE in each phase can then be studied independent of the mean flow quantities.
Exact governing equations for the dispersed-phase velocity covariance are derived in Appendix A for an inhomogeneous system of evaporating droplets with no coalescence, collisions, or breakup. The 
In the canonical homogeneous problem, the evolution of the covariance of particle velocity is solely determined by the model for the acceleration-fluctuating velocity covariance [the right-hand side of Eq. 1]. Taking half of the trace of Eq. (1) results in the evolution equation for the TKE in the dispersed phase (1/ 2)
The tilde in Eqs. (1) and (2) represents mass weighting (or volume weighting for constant thermodynamic density in the dispersed phase). 1 Mass-weighting of terms is necessary to consistently account for the interphase TKE transfer terms that appear in the evolution equation for the TKE and dissipation in the fluid phase [cf. Eqs. (13), (14)]. Moreover, mass-weighted governing equations from the LE approach have a direct correspondence with their counterparts in the Eulerian-Eulerian or two-fluid approach.
Since the dispersed-phase thermodynamic density is constant, the distinction between volume weighting and mass weighting is not needed in the rest of the article. Furthermore, since this study focuses on monodispersed particles with no evolution of their radii in time, number-weighted quantities are the same as their volume-weighted counterparts. Hence, the tilde in Eqs. (1) and (2), and in the equations in the rest of this work, can be dropped.
DNS RESULTS FOR THE HOMOGENEOUS MODEL PROBLEM
Several researchers [1, 6, 7] have performed DNS of particle-laden homogeneous turbulence. These DNS results can be used to validate two-phase turbulence models. Sundaram and Collins [1] have performed a study on particle-laden freely decaying turbulence in the absence of gravity for several Stokes numbers. The Stokes number St η is defined as the ratio of the particle response time scale τ p to the Kolmogorov time scale τ η and characterizes the tendency of a particle to follow the turbulent fluctuations of the carrier phase. The particle response time scale is defined as
, and the Kolmogorov time scale is given by τ η = (ν f /ε f ) 1/2 . The system is volumetrically dilute, with particles in the sub-Kolmogorovsize range, and collisions among particles, if any, are assumed to be elastic. Particles are assumed to be point sources/sinks, and the simulation is two-way coupled, i.e., the effect of the particles on the fluidphase momentum conservation is also accounted for. Parameters of the homogeneous model problem are given in Tables 1 and 2 . In Table 2 , u′ is the initial turbulence intensity in the fluid phase and v′ is the initial turbulence intensity in the dispersed phase. These intensities are related to the respective TKE in each phase at initial time through
The following section describes LE models that can be used to model this turbulent two-phase flow.
LAGRANGIAN MODELS FOR PARTICLE VELOCITY
LE models indirectly solve the DDF evolution equation using a particle method for reasons of computational efficiency and ease of modeling. In this approach, an ensemble of N identically distributed 811  811 811  811 811 computational particles is used to indirectly represent the modeled DDF. With each computational particle we associate a position vector
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, and a statistical weight ( ) i p w 2 The evolution equation for the particle velocity implies a modeled evolution equation for the DDF of fluctuating velocity Eq. (A.6) and the velocity covariance Eq. (A.8). The particle velocity evolution equation
defines a class of Lagrangian models that subsumes the vast majority of models [8] [9] [10] [11] in the literature. In Eq. (3), A A A A A * is the modeled particle acceleration, U U U U U * f and V V V V V * p are the modeled fluid-phase and dispersedphase instantaneous velocities, respectively, g g g g g is the acceleration due to gravity, and Ω * p is a characteristic particle response frequency. 3 The particle response frequency depends on the drag coefficient C D , which is a function of particle Reynolds number Re p . Models proposed in the literature for Ω * p (see [8] , for example) can be cast in the following general form:
where f (Re p ) represents the functional dependence of the model for C D on Re p . This form [cf. Eq. (3)] of the particle acceleration model is based on the equation of motion of a sphere in a fluid under the influence of only drag and body forces [12] . The models in this class differ only in terms of the particle response frequency model and the model for the fluid-phase velocity. The instantaneous fluid-phase velocity U U U U U f * is decomposed into a mean 〈U U U U U f 〉 * , and a fluctuation u u u u u′ f * , which are related through Table 2  Table 2  Table 2  Table 2  Table 2 p is not unique, but the sum of weights over all computational particles must sum to unity:
In KIVA [8] , the statistical weight is defined as
s is the number of droplets represented by each computational particle and 〈N s 〉 is the mean total number of droplets represented by the ensemble. 3 The asterisk in Eq. (3) and in rest of this work is used to denote modeled quantities, which are only approximations to their exact unclosed counterparts. In the Lagrangian-Eulerian approach, the solution to the averaged Eulerian equations in the fluid phase yields a mean fluid-phase velocity 〈U U U U U f 〉 * , whereas the fluctuation in the fluid-phase velocity u u u u u′ f * is modeled. Together the mean and fluctuating fluid-phase velocities form a model for the instantaneous fluid-phase velocity U U U U U f * . The particle-velocity evolution model implemented in KIVA [8] also belongs to the general class of Lagrangian models described by Eq. (3). The particle acceleration A A A A A * * * * * in KIVA [8] is modeled as
The drag coefficient C D is given by 2 /3 Re 24 1 R e 1 0 0 0 Re 6 0.424 Re 1000
where the particle Reynolds number Re p is
The limit of Stokes flow results in the drag coefficient of C D = 24/Re p , corresponding to a particle Reynolds number Re p << 1. Note that Stokes drag is a remarkably good approximation even for Re p ~1, since at this particle Reynolds number, the Stokes law predicts a drag that is only 10% in error (see [13] , p. 61).
Models for Fluctuating Fluid-Phase Velocity
The fluctuating fluid-phase velocity u u u u u′ f * is usually sampled from a joint-normal probability density with zero mean and covariance equal to (2k f /3)δ ij under the assumption that the turbulence is isotropic. This velocity is held constant over a time interval, called the turbulence correlation time, which is taken to be the minimum of an eddy traverse time t R and an eddy-life time t E . At the end of the time interval, the renewal time is reached and a new value of fluctuating velocity u u u u u′ f * is sampled. This is intended to capture the effect of crossing trajectories as a particle shoots across successive eddies. Such models for the fluctuating fluid-phase velocity are commonly known as eddy lifetime models (ELT). Brown and Hutchinson [10] and Gosman and Ioannides [11] used a linearized form of the equation of motion of a droplet to arrive at an eddy traverse time
, where the characteristic length scale of the eddy
. They also proposed a model for the eddy lifetime f E e t l u . Ormancey [9] proposed that the time intervals over which u u u u u′ f * remains constant be exponentially distributed (Poisson model), with the mean time interval equal to the Lagrangian integral time scale of turbulence T L . Amsden et al. [8] used a model similar to Hutchinson's but with t E = k f /ε f and
, where C ps is a model constant equal to 0.16432
. This model has been incorporated into the popular KIVA family of codes [8] .
Implied Evolution of Dispersed-Phase TKE
The velocity covariance evolution implied by the class of particle velocity evolution models discussed in the previous section (including the KIVA model) can be analyzed for the homogeneous model problem. With assumptions of statistical homogeneity 4 and a monodisperse size distribution of solid particles (or droplets), the evolution equations for the mean and covariance of velocity implied by such drag models are considerably simplified.
From Eq. (6), one can infer the instantaneous particle response frequency Ω * p to be 
The evolution equation for the covariance of the dispersed-phase velocity, as implied by Eq. (6), is
where p p is the modeled fluctuating response frequency of the dispersed phase defined with respect to the mean particle response frequency p , and 
For the case of zero mean slip, which is the case under consideration, Eq. (11) simplifies to
Comparing Eq. (12) with Eq. (2), one can infer that if Eq. (6) is used as a particle velocity evolution equation, then the implied model for the acceleration-fluctuating velocity correlation (12) could either decay or increase, depending on the relative magnitudes of the terms on the right-hand side of Eq. (12) . Since these terms involve triple correlations among fluctuating quantities, it is hard to enforce any physical constraint on them such that k * d evolves according to trends seen in DNS or experiments.
Evolution of Fluid-Phase TKE
In the LE approach, a modified k-ε model is used to evolve the TKE and dissipation in the fluid phase. The modeled equation for k * f (for the statistically homogeneous, zero mean slip case) used here is [5, 8] ( )
The term in square brackets on the right-hand side of Eq. (13) arises from a model that represents the rate at which the turbulent eddies do work in dispersing the spray droplets. This term represents the TKE transfer between the dispersed phase and the fluid phase. The modeled equation for the dissipation [5, 8] in the fluid phase ε f is 814 814 814 814 2 2 ( )
The term in square brackets on the right-hand side of Eq. (14) represents the contribution to the evolution of the modeled dissipation from the interphase TKE transfer.
It is important to note that most LE models (including KIVA) assume a volumetrically dilute spray α d << 1, and because α f = 1 -α d , it follows that α f ≈ 1. On this basis, volume-displacement effects are neglected [8] , and both Eqs. (13) and (14) 
Again, for a constant mass loading, it is expected that the decay of TKE in the dispersed phase is more rapid for larger Stokes numbers. The model predictions for the evolution of k * d for varying Stokes numbers do not match with the trends seen in the DNS. Fig. 1 Evolution of normalized k * f for the homogeneous model problem: (i) KIVA with Ω * p and (ii) DNS of particleladen freely decaying turbulence [1] . Not only is the decay rate fast compared to the DNS result, but also the trend of decay in k * f is opposite to that seen in the DNS result. Arrows indicate direction of increasing Stokes number. One can make two important observations from the model predictions presented in Figs. 1 and 2 . First, the time scale of decay of k * f and k * d using the KIVA model is significantly lesser than that observed in the DNS. Second, an anomalous increase at t/T ref = 0.1 (although slight, for the initial k d /k f ratio of unity used in this study), after an initial steep decrease, is seen in the evolution of k * d for St η = 1.6. Later, it will be shown that this anomalous increase is accentuated at larger initial k d /k f ratios. This behavior is deemed unphysical since the flow under consideration does not possess any mechanism to increase the TKE in the dispersed phase, and hence, k * d should exhibit a monotonic decrease. On the other hand, the results from DNS show a monotonic decay in the TKE in the fluid phase and dispersed phase, which is consistent with the flow physics.
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Lagrangian-Eulerian model predictions can exhibit statistical variability due to randomness in initializing the particle properties (in this case, particle velocities). For different initial ensembles, model predictions of k * f and k * d can be different. Multiple independent simulations are performed with the model, and it is observed that the statistical variability in the model predictions due to randomness in the initial conditions is < 0.2% of the mean. Statistical variability in the model predictions is found to be insignificant compared to the differences observed due to the changing Stokes numbers St η . It is found that the 95% confidence intervals corresponding to each St η do not overlap in the model predictions shown in Figs. 1 and 2 . Because these confidence intervals are extremely small, they have been omitted in these figures.
Reason for Anomalous Behavior in k * d
The unphysical increase in the k * d evolution can be explained by an exact analysis of the model equations, which requires a few simplifying assumptions. The analysis assumes that: (i) the particle response frequency [cf. Eq. (9)] is constant and (ii) the fluctuating fluid-phase velocity [cf. Eq. (6)] is constant (this is true if the decay in the TKE of the fluid phase k * f is small over the time for which the analytical predictions are valid). A constant particle response frequency corresponds to a linear drag model. It is observed in the current simulations that a significant number of particles have Re p < 1, a range wherein the Stokes drag is accurate [13] . It must, however, be noted that in the KIVA model, Ω * p does not remain constant and changes with V V V V V * p .
Let the particle velocity V V V V V * p be distributed joint normally with mean 〈V V V V V * p 〉 = 0 and covariance
For constant Ω * p , the particle velocity evolution equation (6) can be solved to give an expression for the particle velocity V V V V V * p (t) at any time t as
where u′ f * j (0) and v′ j * (0) are evaluated at initial time t = 0. The mean particle velocity remains at zero for all time [cf. Eq. (B.1)] . From Eq. (16), one can derive the dispersed-phase kinetic energy k * d (t) at any time t to be (see Appendix B for details) 2 2 ( ) (0) 1 2 (0)
It is worthwhile to note that Eq. (17) has an inflection point at t infl given by
The decay in normalized k * d as predicted by Eq. (17) is shown in Fig. 3 alongside the evolution of predicted k * d from the KIVA model for St η = 1.6 and for two different initial k d /k f ratios. As the initial k d /k f ratio is decreased, the reversal in the evolution of k * d is more prominent. The analytical point of inflection is close to the inflection point on the evolution curve of k * d from the KIVA model. The difference between the analytical and numerical results until the point of inflection is because Ω * p and u u u u u′ f * are not constant in the numerical simulations. The analytical expression predicts the initial steep decay very accurately, thereby illustrating that the unphysical model behavior is not an artifact of the numerical simulation. 
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IMPROVED PARTICLE VELOCITY EVOLUTION EQUATION
We have shown that LE models for two-phase turbulence that are based on the particle response time [cf. Eq. (3)] result in anomalous evolution of averaged quantites like k * d . It is interesting, therefore, to understand why such particle velocity evolution equations when used in DNS of sub-Kolmogorov-size particle-laden turbulent flows [1] yield plausible results. The answer simply lies in the fact that in the DNS, the particles interact with a range of time and length scales, where U U U U U * f appearing in Eq. (3) is no longer modeled but is an adequately resolved solution to the Navier-Stokes equation, with additional momentum source terms due to the presence of the particles [1] . The particle response time scale is an appropriate time scale for the interphase momentum transfer terms that are added to the Navier-Stokes equations. Unfortunately, in LE models [8] [9] [10] [11] , the quantity u u u u u′ f * represents a model for the fluctuating fluid-phase velocity that does not represent all the velocity scales that are captured in the DNS velocity field. Thus, the particle velocity evolution equation in LE computations needs modification to the interaction time scale in order to achieve results comparable with DNS.
The fact that particles interact with a range of turbulence length and time scales-and that such a complex interaction cannot be adequately characterized by the particle response time alone in LE computations-motivates the development of a mean multiscale interaction time 〈τ int 〉 in place of (1/Ω * p ) in Eq. 
The fluctuating fluid phase velocity is modeled as in the original KIVA proposal [8] by sampling from a Gaussian distribution with zero mean and variance (2/3)k f . In the homogeneous problem under consideration, the mean velocity in either phase is zero for all time. Hence, there is no need to evolve the mean velocities in this case. However, if the mean velocities are nonzero with nonzero mean slip, we hypothesize that the mean velocity in either phase would evolve over a time scale 1/〈Ω * p 〉 derived from Eq. (9) and C D would depend on a mean particle Reynolds number.
The multiscale interaction timescale 〈τ int 〉 was introduced by Pai and Subramaniam [14] and has been successfully employed in the context of Eulerian-Eulerian two-phase turbulence modeling by Xu [15] and Xu and Subramaniam [16] . This time scale is derived from the fluid-phase velocity field by first defining a Stokes number valid in the inertial range as 
where τ l is computed as
Let us assume that u u u u u′ f * obeys a joint normal distribution with zero mean and covariance σ 2 f δ ij , where σ 2 f = (2/3)k f . With this assumption, the pdf of |u u u u u′ f * | is significantly compared to the results using the KIVA model with τ p (cf. Figs. 1 and 2 ). The decay trends of k * f and k * d with increasing Stokes number are also in the same direction as those depicted in the DNS, and the anomalous reversal in the evolution of k * d is also absent. Statistical variability due to randomness in the initial conditions is again found to be insignificant compared to the differences observed due to the A simple modification to the existing particle velocity evolution equation (6) that replaces the particle response time scale with a multiscale interaction time scale has improved the decay characteristics of the TKE in the fluid phase and dispersed phase significantly.
DISCUSSION
The new multiscale interaction time scale correctly reproduces the trends in the decay of TKE in the fluid phase and dispersed phase, as observed in DNS of a homogeneous particle-laden turbulent flow. Implicit in the above statement is the assumption that the DNS data are themselves accurate representations of the physical system. The point-particle assumption for the particle drag in such DNS is justified in a limited flow regime where particle Reynolds numbers Re p << 1, dispersed-phase to fluidphase density ratios ρ d /ρ f are O(1000), and particles are sub-Kolmogorov size with negligible wake effects. Volume-displacement effects are neglected in such DNS and the fluid-phase velocity field is assumed to be solenoidal.
The homogeneous problem that forms the basis of the investigation in this work, and for which DNS datasets exist, corresponds to a flow regime where the assumptions mentioned earlier are valid. However, it is important to note that a good approximation to the particle drag in the DNS does not necessarily guarantee accurate calculation of the fluctuating velocity-acceleration correlation [cf. Eq.(2)] or the fluid-phase dissipation in the presence of particles. In the point-particle approximation, particleparticle interaction effects are not accounted for and the effect of the point-particle approximation on the true pressure field is also not quantified. The only way to test these approximations is to perform true DNS where the flow around each particle is fully resolved and exact boundary conditions are imposed on each particle surface. Solenoidality of the fluid phase (which, in turn, affects the fluid-phase pressure field) and neglect of particle-particle interaction effects can be tested in a true DNS. A recent study by Moses and Edwards [17] seeks to assess the consequences of the point-particle approximation. However, their study is in two dimensions for considerably large cylinders (Reynolds number based on the diameter of cylinder = 26), with an emphasis on evaluating the effects of filtering the velocity field. Their study is relevant to examining the validity of LES based on the point-particle assumption. Similar studies are needed for DNS, although such simulations are still limited by computational expense. Therefore, the DNS datasets performed with the point-particle approximations that are used in this study are the best data available for model testing and validation. It appears very likely that the existing DNS datasets do capture the major trends of the TKE variation with important nondimensional parameters, such as Stokes number and mass loading. It is possible that true DNS might lead to revision in the exact quantitative predictions. Nevertheless, since our principal conclusions concern qualitative trends rather than an exact quantitative match between model predictions and DNS, it is reasonable to assert that the incorporation of the new multiscale interaction time scale leads to a better representation of the problem physics.
It is worthwhile to examine whether any experimental data can be used for model validation. Experimental investigations of nearly isotropic particle-laden turbulence include work by Friedman and Katz [18] and Fallon and Rogers [19] . Although the former [18] reports only the rise rate of droplets in the presence of two levels of turbulence intensity in the carrier phase, and the latter [19] reports preferential concentration of particles for varying Stokes numbers, both do not report the TKE in either phase, which is required for model validation. Although the data they report are useful for models that involve buoyancy effects and those that predict preferential concentration, information on the covariances of fluid-phase velocity and dispersed-phase velocity is not reported.
SUMMARY AND CONCLUSIONS
Particle-turbulence interaction occurs over a range of length and time scales. A simple turbulent twophase flow is one that consists of monodispersed sub-Kolmogorov-size solid particles (or nonevaporating droplets) evolving in zero-gravity homogeneous decaying turbulence. Direct numerical simulations performed for this flow report that, for a constant mass loading, the rate of decay of TKE in both the fluid phase and the dispersed phase increases with increasing Stokes number. This simple two-phase flow is used to assess a class of LE turbulence models that use the particle response time scale as the time scale for interphase TKE transfer. Such LE models fail to reproduce the correct trend of decay in TKE, as observed in DNS, for both the fluid phase and the dispersed phase. When the particle response time scale is replaced with a multiscale interaction time scale derived from an assumed fluid-phase turbulence field, the trends of decay of fluid-phase and dispersed-phase TKE match those seen in the DNS. This lends to support the hypothesis that the particle response time scale is inadequate to represent the multiscale effects inherent in a two-phase flow system.
The principal conclusions of this study are as follows:
1. LE models based on the particle response time scale do not capture the correct trends of decay in TKE with varying Stokes number in freely decaying particle-laden turbulence. The KIVA model with the particle response time scale also predicts an unphysical increase of dispersedphase TKE in freely decaying turbulence. A simplified analysis assuming a constant particle response time reproduces the unphysical behavior, thereby illustrating that the nonmonotonic behavior is not an artifact of the numerical simulation. 2. LE models with an improved multiscale interaction time scale correctly predict the trends of decay in TKE with varying Stokes number for freely decaying particle-laden turbulence.
Predictions from the LE model with the multiscale interaction time scale can be assessed in other canonical flows, such as droplet-laden homogeneous shear and mixing layers. LAGRANGIAN In particle method solutions to the DDF evolution equation (see, for example, [8] ), the triple velocity correlation is in closed form. If there is no interphase mass transfer, then the terms representing the change in the velocity covariance due to interphase mass transfer are zero, and the only remaining term to be modeled in the LE approach is the correlation of acceleration with fluctuating velocity. Since this study focuses on monodisperse particles with no evolution of their radii in time, and for the special case of monodisperse particles 〈Q 〉 = 〈Q〉.
